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ABSTRACTS  The  equations  are  developed  for  the  case  of  a 
reverse  yielded  thick-walled  cylinder.  It  is  assumed  that 
a  cylinder  is  subjected  to  an  internal  pressure  which  causes 
plastic  flow  throughout  the  wall}  the  size  of  the  cylinder 
is  such  that  the  residual  stresses  developed  during  pressure 
release  cause  the  cylinder  to  reyield  in  coiqpression.  The 
stress  equations  for  the  subsequent  reapplication  of  pressure 
to  the  reyielded  cylinder  are  also  developed. 
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INTRODUCTION 


The  pressure  capability  of  a  closed-end  cylindrical 
pressure  vessel  is  limited  for  elastic  operation.  Based  upon 
the  Distortion  Energy  Theory,  the  pressure  at  which  yielding 
begins  at  the  bore  is  given  by 


jp  _  _Y,_.(  ^_-±) 


(1) 


Thus,  even  for  very  large  wall  ratios  the  maximum  pressure  a 
cylinder  will  hold  elastically  is  given  by  P  - 

One  of  the  methods  of  increasing  the  elastic  pressure 
capability  of  a  cylinder  is  the  use  of  autofrettage.  This 
process  consists  of  inducing  plastic  flow  in  the  cylinder 
during  manufacture  by  pressurising  it  with  a  pressure  (the 
"autofrettage  pressure")  greater  than  that  given  by  equation  (1). 
The  plastic  flow  of  the  metal  begins  at  the  bore  and  progresses 
through  the  wall  as  the  pressure  is  increased.  This  non-uniform 
flow  is  such  that  when  pressure  is  released,  the  wall  is  left 
with  a  residual  stress  distribution  such  that  the  bore  has  a 
compressive  tangential  stress.  The  cylinder  is  then  said  to 
be  autofrettaged.  Subsequent  pressure  application  can  be  made 
up  to  the  autofrettage  pressure  with  the  cylinder  reacting 
elastically. 


The  equations  for  the  autofrettage  process  (based  on  a 
perfectly  plastic  material)  have  been  derived  by  numeroue 
investigators  (see  for  example,  refs.  (1).  ( T)  and  (3)). 

The  stress-strain  curve  for  a  perfectly  plastic  material  is 
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According  to  reference  (3)  tho  pressure  required  to  deform  a 
cylinder  of  wall  diameter  ratio  co  ,  plastically,  to  a  diameter 
ratio  m.  is 


Upon  release  of  the  pressure  given  toy  equation  (2)  the 
residual  stress  distribution  la  given  toy 


at  any  position  diameter  ratio  UT  in  the  part  of  the  tube 
that  was  plastically  deformed.  In  the  part  that  was  elastic 


-j£r(' (s> 

u) 

^r('  -  &)  <*> 

uJ  >  fm. 


where  m  is  the  position  diameter  ratio.  It  is  assumed  that 
the  residual  stresses  at  the  bore  are  not  large  enough  to 
cause  the  bore,  which  had  previously  been  yielded  in  tension, 
to  yield  in  compression,  that  is,  to  HreyieldH  or  "reverse 
yield. " 

As  the  pressure  is  increased  during  autofrettage  a  point 
is  reached  where  the  tube  is  entirely  plastic,  i.e.,  n  -  uo 
Ails  represents  the  maximum  pressure  which  can  be  applied 
without  rupturing  the  cylinder  for  a  perfectly  plastic 
material  and  is,  according  to  equation  (2), 
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(7) 


The  residual  stresses  in  this  case  are  given  by  inserting  the 
value  of  PyAX  for  p  in  equations  (3)  and  (4). 

From  equation  (7)  it  is  apparent  that  as  60  is  increased 
the  pressure  required  to  cause  plastic  flow  throughout  the 
wall  Increases,  This,  in  turn,  produces  larger  and  larger 
residual  compressive  stresses  at  the  bore  upon  pressure  release. 
For  the  fully  plastic  case,  then,  there  is  some  particular  vail 
ratio  at  which  the  residual  stresses  will  be  large  enough  to 
Just  cause  yielding  at  the  bore  in  compression  upon  release  of 
the  autofrettage  pressure. 

To  determine  the  wall  ratio  at  which  the  residual  stresses 
at  the  bore  of  a  fully  autof rettaged  cylinder  are  large  enough 
to  just  cause  it  to  yield  in  compression  the  yield  criterion 
used  in  reference  (3), 


Zt 

V31 


(8) 


will  be  employed.  Thus,  the  condition  of  yield,  equation  (8), 
becomes,  when  applied  to  the  residual  stresses  at  the  bore, 


(9) 


Here  it  has  been  assumed  that  the  yield  in  compression  is  equal 
to  the  negative  of  the  yield  in  tension. 


Substituting  the  values  of  the  residual  stresses  from 
equation  (5)  and  equation  (6)  into  equation  (9)  with  set 
equal  to  1  (i.e,,  at  the  bore),  one  obtains 


•  It  was  assumed  that(£r  -L- 

2.Y  e  ^ 

becomes  01  —  tfl  —  -rrr 


of  the  validity  of’^his  assumption. 


(crr  +-<Tt)  so  that  the  yield  condition 
.  See  reference  (2)  for  a  discussion 
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2  Yo  _  _ 

V51  ^>3-/ 


With  ^  for  the  case  of  the  fully  autofrettaged 

cylinders,  the  equation  above  becomes 

_  Vk  —  2^Yfi  _  4=^  f -^-1  J&n,  u> 

"  V 31  Y?  / 


Ul2-I  =  i*,a> 
a)1 


Solving  equation  (10)  gives  ^0  »  2.22.  Thus,  a  cylinder 
having  a  trail  ratio  of  2.22,  if  autofrettaged  to  the  fully 
plastic  state,  develops  residual  stresses  of  such  magnitude 
that  the  bore  is  on  the  verge  of  reyielding  (reverse  yielding) 
in  compression  upon  pressure  release.  If  2.22  the 
residual  stresses  developed  are  less  than  those  required  for 
reyielding  for  the  fully  plastic  case  and  if  o>>2.22  these 
stresses  will  cause  reyielding  for  the  fully  plastic  case. 


It  is  further  found  that  aa  the  wall  ratio  increases 
above  2.22  the  value  of  n  to  just  leave  the  bore  at  the 
compressive  yield  limit  decreases  (ref.  (3)).  This  means 
that,  if  the  reyielding  condition  is  the  limiting  design 
condition,  there  is  a  limit  to  the  autofrettage  pressure. 

This  limit  is  calculated  to  be  just  twice  the  pressure  to 
cause  initial  yielding  at  the  bore.  Hence,  according  to 
equation  (1)  the  limiting  autofrettage  pressure  for  incipient 
reyielding  in  the  case  of  uO  >  2.2  is 


Y.  VJw1 


(ill 


For  any  cylinder  there  are,  therefore,  three  limiting 
curves  as  shown  in  figure  1.  These  are  the  following! 


£  = 

Yo  'HT  «*)*■ 


(l) 
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the  pressure  at  which  yielding  initially  occurs; 


=— truce  (7) 

X>  W 

the  pressure  neceesary  to  make  the  cylinder  fully  plastic, 
which  for  £0  £  2.22,  leaves  the  residual  stresses  low  enough 
to  prevent  reyielding; 


the  pressure  limit  for  large  wall  ratios  to  just  leave  the 
bore  at  the  yield  point  in  compression  after  pressure  release. 

It  is  apparent  that  if  a  cylinder  could  be  operated  at 
pressures  given  by  equation  (7),  a  sizeable  increase  in 
pressure  capability  over  that  given  in  equation  (11)  would 
be  possible.  However,  as  noted  before,  in  this  circumstance, 
there  would  occur  reyielding  of  the  boro  in  compression  when 
the  pressure  is  released. 

It  is  the  purpose  of  this  study  to  investigate  reverse 
yielding  in  thick-walled  cylinders  that  have  been  pressurised 
to  the  fully  plastic  state  during  autofrettage. 

DERIVATION  OF  REYIELDINQ  EQUATIONS  ( >2.22)* 

The  assumptions  made  are  the  following; 

1.  The  material  is  assumed  perfectly  plastic 

2.  CT»  =  </2  (crt  + 

3.  The  yield  criterion  is  given  by  the  Distortion 
Energy  Theory 

Assumptions  (2)  and  (3)  result  in  the  following  yield  criterion; 


a;-c\=  ±  U2) 

Let  us  consider  the  case  of  the  fully  autofrettaged  cylinder 
of  tO  >  2.2  subjected  to  the  pressure  Pmax>  where 


*  See  Appendix  A  for  an  alternate  derivation  of  the  reyielding 
equations. 
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-&2S*  -  _Bl_  JUuoZ  (7) 

Yo  V? 

At  every  point  in  the  plastically  deformed  cylinder 

<>i  -  <r«.  =  <“> 

The  equation  of  equilibrium  is 

~  <T/t  =  /t  4^  d*) 

d  /l 

The  radial  stress  at  the  bore  is  equal  to  -Pmax#  that  ia 

^ 10  (15) 

Equations  (13),  (14),  and  (13)  may  be  combined  to  obtain  the 
plastic  stresses  due  to  the  internal  pressure  PmaX  that  exist 
in  the  cylinder  (as  was  dona  in  reference  (3)).  These 
stresses  are 

-  _  ^  k*  ■fe-  <l6> 


^  ="  "j)  (17> 

As  the  internal  pressure  is  released,  the  cylinder 
deforms  elastically  until  the  bore  reaches  the  yield  point 
in  compression.  Thereafter,  as  the  pressure  is  further 
reduced,  plastic  flow  progresses  outward  from  the  bore.  When 
the  internal  pressure  reaches  zero,  the  cylinder  will  consist 
of  two  zones,  an  inner  core  which  has  royielded  in  compression 
(reverse  yielded)  and  an  outer  elastic  jacket  that  has  been 
previously  yielded  in  tension  during  autofrettage. 
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The  equations  describing  the  reyielded  inner  core  when 
the  pressure  has  been  released  are  the  yield  criterion 
equation  in  compression,  and  the  equilibrium  equation  (14), 
vis., 

°* -  =  "  1?  (18> 
<rt—  a;  -  a.  o  U4) 

Ci/L 

These  equations  with  the  boundary  condition  that  the  residual 
radial  stress  at  the  bore  is  sero  lead  to  the  following 
equations  for  the  inner  reyielded  core  stresses  after  pressure 
release! 


=  <i9> 

a  <• 


^  i  /ls  d 

where  "dH  denotes  the  radius  at  the  interface.  These  are 
the  residual  stresses  after  pressure  release  in  the  reyielded 
inner  core. 

The  stresses  in  the  outer  jacket  before  pressure  release 
are  stressed  by  equation  (16)  and  equation  (17).  Since 
during  pressure  release  the  outer  jacket  is  only  deformed 
elastically,  the  stresses  may  be  obtained  by  superposition  of 
elastic  stresses.  Thus, 


0^  after  pressure  m  (T  before  pressure  <CT  due  to 
release  "  release  +  change  in 

effective  (21) 
pressure 
at  the 
interface 


The  change  in  effective  pressure  AP  at  the  interface  is  given 
by  i 
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AP  -  effective  pressure  at  the  Interface  after 
pressure  has  been  released 

minus 


effective  pressure  at  the  interface  before  the 
pressure  has  been  released 


Since  the  effective  pressure  at  the  interface  is  equal  to  the 
negative  of  the  radial  stress  at  the  interface,  AP  becomes 


AP  -  -  OV  after  pressure  0/l  before  pressure 

release  at  r  »  d  *  release  at  r  ■  d 


From  equations  (16)  and  (17)  the  change  in  effective  pressure 
becomest 


AC  •-  bn*  -- 
•  tfj?  & 


b 

d 


The  elastic  stresses  due  to  a  pressure  AP  at  radius  d  are 
given  by  the  equations  (see  reference  (3)  for  example)! 


CTa. 


(23) 


Inserting  equations 
expressions  for  the 


(23),  (24),  (16),  and  (17)  into  (21)  the 
stresses  in  the  once  yielded  jacket  become 


b  >,  h.  >  d 
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'  b  >y  h.>,  d 

Equations  (25)  and  (26)  are  thus  the  residual  stresses  in  the 
outer  once  yielded  jacket  after  the  pressure  has  been  released. 

Since  the  tangential  stress  at  the  interface  r  «•  d  must 
be  equal  in  each  zone,  one  obtains  by  equating  equation  (26) 
to  equation  (20)i 


It  = 


The  extent  of  the  reverse  yielding  can  be  calculated  from  this 
equation  by  solving  for  the  inner  core  radius  d. 

The  residual  stresses  may  be  rewritten  by  inserting 
equation  (27)  into  equations  (25)  and  (26)  to  givei 


01*= 


b  >y  A.  >  d 


-■*«)' -(4N  ™ 

b*  n. 

Equations  (19),  (20),  (28),  and  (29)  are  thus  the 
residual  stresses  developed  in  a  fully  autofrettaged  thick- 
walled  cylinder  (i.e.,  iO  >  2.2)  after  pressure  release.  The 
extent  of  the  reversed  yielded  plastic  core  of  radius  d  is 
obtained  from  equations  (27). 

Figure  2  shows  the  plastic  and  elastic  zone  dimensions 
of  a  cylinder  of  wall  ratio  60  equal  to  5.  The  value  of 
d/a  is  calculated  from  equation  (27)  to  be  1.41.  it  is 
seen  that  the  plastic  core  is  relatively  small.  Figure  3  is 
a  plot  of  d/a  for  various  wall  ratios 
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Figure  4  shows  the  residual  stress  distribution  (  <J/t*  Cf) 
in  a  reyielded  cylinder  of  a)  -  5.  Included  in  the  plot,  as 
dotted  lines,  are  the  residual  GT&.*  and  (Jg*  that  would  exist 
if  the  cylinder  had  no  limiting  compressive  yield  strength.  It 
can  be  seen  that  these  residual  stresses  are  only  slightly 
modified  in  the  elastic  zone. 

The  results  indicate  that  a  cylinder  with  wall  ratio  greater 
than  2,22,  if  autof rettaged  to  the  fully  plastic  condition,  will 
have  a  reyielded  core  after  pressure  release.  This  plastic  core 
has  relatively  small  dimensions  compared  to  the  original 
dimensions  of  the  cylinder. 


PRESSURE  APPLICATION  TO  THE  REVERSE  YIELDED  CYLINDER 

If  pressure,  p,  is  reapplied  to  the  reverse  yielded  cylin¬ 
der,  then  the  core  will  initially  deform  elastically.  However, 
if  the  pressure  becomes  sufficiently  high,  the  tensile  stresses 
in  the  core  will  cause  it  to  begin  to  yield  in  tension  at  the 
bore.  Further  pressurization  will  cause  the  region  of  plastic 
deformation  to  extend  radially  from  the  bore  to,  say,  a  radius 
"c".  For  this  plastic  region  the  yield  criterion 


£  Yo 


9 


the  equilibrium  equation  (14),  and  the  boundary  condition  that 
the  radial  stress  at  the  bore  is  equal  to  minus  the  applied 
pressure,  result  in  the  following: 

CT/t  —  —  •'j0  -H  ^  ~  a^/1  £  c.  <3°) 


<rt=  -f  +-  ^  -h)  (31) 

These  are  the  stresses  in  the  thrice  yielded  core  of  the 
cylinder.  The  cylinder  at  this  time  appears  as  sketched  below. 
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Once  yielded  in  tension 


Twice  yielded  (first  in 
tension,  then  in 
compression) - - - - 


Thrice  yielded  (first  in 
tension,  then  in  com¬ 
pression,  now  yielded  in 
tension) 


Since  the  deformations  in  the  cylinder  other  than  in  the 
thrice  yielded  core  are  elastic,  the  stresses  may  be  obtained 
in  these  elastically  deforming  regions  by  the  use  of  super¬ 
position.  Thus,  for  the  regions  of  radii  greater  than  r  -  c, 

(T-  (T  before  pressure  +  due  to  change  in  effective 

application  pressure  at  the  interface 

The  stresses  before  pressure  application  are  the  residual 
stresses;  the  change  in  the  effective  pressure  at  the  interface 
is  equal  to  the  negative  of  the  radial  stress  change  at  the 
interface.  Thus,  the  above  expression  becomes 

CT"  CT*  +  (y  due  to  effective  pressure  of  value  -  (J^ 

at  interface 

Hence,  using  equations  (23)  and  (24)  and  denoting  the 
interface  radius  by 
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For  the  region 


d  >s  n>,c. 


equations  (32)  and  (33)  become  with  tlL  -  c 


z  Y p 

'IT 


(33) 


(34) 


Equating  the  tangential  stresses  equation  (35)  and  equation  (31) 
at  the  Interface  r  -  c,  one  obtains  an  expression  for  the 
applied  pressure,  p,  in  terms  of  the  radius,  c,  viz., 

gf=  ,  <36> 

If  a  »  c  is  substituted  into  equation  (36),  there  results 


__  <u3a- 1 

x-Yo  _  W 


a  =  c 
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which  is  identical  to  equation  (11).  Thus,  the  reverse  yielded 
cylinder  begins  to  yield  a  third  time  (at  the  bore  surface) 
when  the  reapplied  pressure  is  that  given  by  equation  (11);  i.e., 
the  cylinder,  upon  reapplication  of  pressure,  withstands 
elastically  the  same  pressure  that  it  would  have  withstood  if  it 
had  been  autofrettaged  in  such  a  way  as  to  leave  the  residual 
stresses  at  the  bore  at  the  compressive  yield  strength. 

The  stress  equations  (34)  and  (35)  may  be  transformed  by 
use  of  equation  (36)  to  yield 


cr*=- 


VF 


(37) 


d  >  4.  »  C 


(38) 


For  the  region 

b  *  d 
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These  equations  simplify  to 


-(■£ Hir-e 


c_ 

A- 


b  ^  ^  ^  ^ 


(39) 


(4)  ■‘■(bf- (i)1-  (■£■)]  <4t» 

b  >/  A  &  c} 


From  equations  (39)  and  (40) 


vhich  for  c 


d  becomes 


b  >y  /l^,  d 


(41) 


Equation  (41)  is  independent  of  r  and  states  that  the  outermost 
region  vhich  vas  elastic  in  the  reyielded  cylinder  becomes 
plastic  instantaneously  when  r  reaches  d  during  reapplication 
of  the  pressure.  Also,  from  equations  (36)  and  (27)  with  r  -  d 

=  Uoa 
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which  is  simply  equation  (7),  i.e.,  the  pressure  required  to 
cause  plastic  flow  throughout  the  entire  wall.  Thus,  it  is 
seen  that  upon  reapplication  of  pressure,  p,  the  inner  bore 
begins  to  yield  in  tension  for  a  third  time  when  the  pressure 
reaches  the  value 


_  (£zi 

£  Y0  ^ 


and  the  yielding  progresses  to  larger  radii  as  the  pressure 
is  increased.  When  the  pressure  reaches  the  value 


Z  Te 


the  yielding  reaches  the  radius,  d,  at  which  time  suddenly 
the  entire  wall  becomes  plastic. 

The  stress-strain  history  of  elements  in  the  tube  wall  1b 


A  plot  of  equation  (36),  giving  the  pressure  required  to 
extend  the  plastic  zone  when  pressure  is  applied  to  a 
reyielded  cylinder  of  wall  ratio  5,  is  shown  in  figure  5. 
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CONCLUSIONS 

Within  the  assumptions  made,  the  equations  for  reyielding 
of  a  cylinder  of  large  wall  ratio  (  cO  >  2,22),  autof rettaged 
to  the  fully  plastic  condition,  have  been  derived.  These 
equations  indicate  that  the  reyielded  plastic  zone  has  relatively 
small  dimensions  while  the  residual  stresses  in  the  outer 
elastic  part  of  the  tube  are  slightly  altered  from  what  they 
would  have  been  had  the  inner  core  had  no  limiting  compressive 
yield  strength. 

It  has  also  been  shown  that  subsequent  application  of 
pressure  to  the  reylelded  cylinder  causes  the  bore  to  start 
yielding  at  the  pressure  that  is  the  limit  pressure  for  the 
autof rettaglng  of  thick-walled  cylinders.  However,  as  pressure 
is  built  up  the  plastic  zone  grows  but  at  a  considerably  slower 
rate  than  it  did  during  the  original  autofrettage  process. 

When  the  elastic-plastic  interface  reaches  the  outside  radius 
of  the  original  reyielded  core,  the  entire  cylinder  becomes 
plastic. 

It  thus  appears  that  the  repetitively  applied  internal 
pressure  capability  of  cylinders  may  be  the  fully  autof rettaged 
pressure 

-fW  =  ~~ 


even  for  thick-walled  cylinders  where  reverse  yielding  occurs 
(i.e.,  where  u)>2,2),  This  conclusion  requires  experimental 
confirmation. 
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FIG.  I 

LIMITING  CURVES  FOR  INTERNAL  PRESSURE 
APPLICATION  TO  A  CYLINDER 
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FIG.  4 

STRESS  DISTRIBUTION  IN  REYIELDED 
CYLINDER  OF  WALL  RATIO  5 
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FIG.  5 

PRESSURE  REQUIRED  TO  CAUSE 
PLASTIC  FLOW  IN  A  REYIELDED 
CYLINDER  OF  WALL  RATIO  5. 
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APPENDIX  A 


ALTERNATE  DERIVATION  OF  THE  REYIELDING  EQUATIONS 

When  the  pressure  is  released  in  a  fully  plastic  large 
wall  ratio  tube,  the  cylinder  will  consist  of  a  plastic 
reyielded  center  core  and  an  outer  elastic  jacket.  Thus,  the 
core  can  be  considered  as  a  tube  under  external  pressure,  p, 
which  has  caused  the  core  to  be  fully  plastic.  The  outer 
jacket  can  be  considered  as  an  elastic  tube  with  an  internal 
pressure,  p,  which  produces  a  final  stress  which  is  the  sum  of 
the  residual  and  Lame'’  stresses . 


For  a  tube  subjected  to  external  pressure  the  following 
equations  apply 


(A-l) 


It  is  assumed  that 


(A-2) 


(A-3) 


The  yield  criterion  is 


(A-4) 


Consider  the  external  pressure,  q,  to  increase  on  the 
cylinder  until  the  bore  begins  to  yield  in  compression.  The 
boundary  conditions  for  this  inner  core  are  at  r  -  a 


o* 


lit"* 

tO*-  I 


(A-5) 


and 


A-l 
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(Ft  =  o 


(A-6) 


From  (A-4)  therefore 

~  &  jpu)*  =  2  Yo, 

^i-i  tr 


1° 


_ 

V?  ^ 


(A-6) 


As  the  external  pressure  is  increased  the  plastic  zone  spreads. 
In  the  plastic  zone 


and 


q;-(Ta 


2  Yor 

VT 


/?  40a.  _  2.  V 

ty7 


Thus , 


cr^  =  c, 


4-  /l, 

vr 


(A-7) 


o; 


C.  -h 


(A-8) 


For  a  fully  plastic  tube,  at  r  -  b,  QA-"^and  at  r 

~  f>  =  C , 


-At  ik.  b 
YiT 


a,  CTl  -  0 


(A-9) 
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Thus , 

%  =-f  -  +')  (*-n> 

To  cause  plastic  flow  throughout  the  tube 

1°  =  -  -ff5  ^  1  <A-12> 


Therefore,  in  the  fully  plastic  tube  under  external  pressure 

Oi  =  ^  <A-13> 

<5  “  ^  +.  ^  (a-i4) 


Consider  now  the  case  where  reverse  yielding  occurs.  On 
the  outside  of  the  plastic  core  there  is  a  pressure,  q,  which 
has  causecL-the_  central  core  to  be  plastic 

To  cause  plastic  flow  throughout 
the  core,  from  (A-12) 


—  _  JUt  ~ 

•rr  a 


(4-15) 


In  the  coreThe  stress  distribution  is  from  (A-13)  and  (A-14) 


-  CL  —  ~ 

p  Vs1  *- 


fit 


YT 


(H  -L  4 
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cn,  = 


i l/y\j  Zk. 

YF  * 


(A-16) 

See  equation  (19) 


_  Q  _  ^  5l  JL 

%  Y?  ^  ‘ 


#(.k£  +i) 


(A-17) 

See  equation  (20) 


In  the  elastic  part  of  the  tube  the  residual  elastic  stresses 
will  be  the  Lame'stresses  plus  the  residual  stresses  created  by 
the  autofrettage  process.  Thus, 


Y  =  ^  -4-  %  +<rt 


(A-18) 


<T/i  C2 


At  r  -  d,  the  yield  criterion  holds  so  that 


(A-19) 


\  ~  \ +  _  vr 

From  reference  (3)  or  equations  (3)  and  (4)  with  2 


(A-20) 

Ya7 


<r*-  _  i2  f 

%  %  V37  d*  a)1-!  r  T31 
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Hence,  from  (A-20)  with  Yoc  -  -  Yot 


aYo.  J2/  i 

1/F  V 


(A-21) 


Substituting  c3  in  (A-19) ,  and  noting  that  at  r  =  b,  (3^.  s  (T/l  *0  , 
gives 


. —  O  —  C-Z  -Z^T  yz  I 


bi  Lu> 

J*  to*- 1 


so  that 


c  -  z  ^  -i. 


Q^and  Cf  can  be  written  as 


d*  u>v-i 


(A-22) 


Q- 1%,  dY  I  _  _b_2  _  2Jfc  -i-Y  _  Jl  ^it)-|-<CK(A-23) 

01 -V3  k\  d^W  ^  A‘V 

n-'  £ ^  d  /.  b  d  /,  Iho\  24v 

^  Y?  b‘V  J*«5i /+'vr  7i'-f£T)ia! UA  Z4> 


For  the  fully  plastic  core,  from  (A-16) 

rr  _  £LilL 
^  ~  is'  o. 

This  must  equal  CT^J  at  r  -  d,  so  that 
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1^1 

if  b* 


A*tS\  ( d*  ,\ 
d2WVba  7 


^as  i. 

YF  cl 


Solving  this  gives 

At  =  -j4  -  1  4--^  -j-  (A-25) 

which  is  the  same  as  (27). 

Using  (A-25)  and  the  values  of  0 %  and  Q*r  ,  the  final 
residual  stresses  in  the  elastic  part  of  the  reyielded  cylinder 
can  be  written 


(A-26) 


2  \o 


(A- 27) 


which  are  the  same  as  (28)  and  (29). 
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